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UNIT CYCLOTOMIC MULTIPLE ZETA VALUES FOR µ2, µ3 AND
µ4
JIANGTAO LI
Abstract. In this paper, we show that unit cyclotomic multiple zeta values for
µN can be written as Q-linear combinations of Li
n
1
(e2pii/N ),Lin
1
(e−2pii/N ) and lower
depth terms in each weight n in case of N = 2, 3 and 4. Furthermore, we give
an algorithm to compute the coefficients of Lin
1
(e2pii/N ),Lin
1
(e−2pii/N ) in the above
expressions of unit cyclotomic multiple zeta values.
1. Introduction
For N ≥ 1, denote by µN the roots of N
th-unity and ǫ a primitive root of N th-
unity. The cyclotomic multiple zeta values for µN are defined by the following series:
ζ
(
k1, k2, · · · , kr
ǫ1, ǫ2, · · · , ǫr
)
=
∑
0<n1<n2<···<nr
ǫn11 ǫ
n2
2 · · · ǫ
nr
r
nk11 n
k2
2 · · ·n
kr
r
, ki ≥ 1, ǫi ∈ µN , (kr, ǫr) 6= (1, 1).
The condition (kr, ǫr) 6= (1, 1) ensures the convergence of the above series. For
cyclotomic multiple zeta value ζ
(
k1,k2,··· ,kr
ǫ1,ǫ2,··· ,ǫr
)
, K = k1+k2+ · · ·+kr is called its weight
and r is called its depth. For N = 1, they are classical multiple zeta values.
Define Z0 = Q and ZK the Q-linear combinations of weight K cyclotomic multiple
zeta values for µN . Define
Z =
⊕
K≥0
ZK ,
from iterated integral representations of cyclotomic multiple zeta values it is easy
to show that Z is a graded commutative Q-algebra.
Cyclotomic multiple zeta values have been studied by Deligne, Goncharov, Hoff-
man, Racinet, Zhao,· · · in a series of papers.
Brown [3] introduced the definition of motivic multiple zeta values. By detailed
analysis of the motivic Galois action on motivic multiple zeta values. Brown proved
a conjecture of Hoffman [8].
Glanois [7] introduced the definitions of cyclotomic motivic multiple zeta values
for µN , N = 2, 3, 4, 6, 8. Glanois gave a basis of cyclotomic motivic multiple zeta
values in each case respectively.
Denote by Z
(1)
K the Q-linear space generated by the following weight K elements:
ζ
(
1, 1, · · · , 1
ǫ1, ǫ2, · · · , ǫK
)
, ǫi ∈ µN , ǫK 6= 1.
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We call Z
(1)
K unit cyclotomic multiple zeta values of weight K. Define
Z(1) =
⊕
K≥0
Z
(1)
K .
Clearly Z(1) is a graded Q-subalgebra of Z. Unit cyclotomic multiple zeta values
have been studied by Borwein, Bradley, Broadhurst and Lisonek [1] for N = 2. They
have also been studied by Zhao [11] for N = 3, 4. Zhao [11] conjectured that the set
of following elements
ζ
(
1, 1, · · · , 1
ǫ1, ǫ2, · · · , ǫK
)
, ǫi ∈ {ǫ, ǫ
2}
is a basis for cyclotomic multiple zeta values of weight K for N = 3 and 4 for K ≥ 1.
Denote by DrZK the Q-linear space generated by weight K and depth ≤ r cyclo-
tomic multiple zeta values for µN . Define
grDr ZK = DrZK/Dr−1ZK .
Denote by grDr Z
(1)
r the Q-linear subspace of grDr Zr which is generated by the images
of unit cyclotomic multiple zeta values of weight r and depth r.
In this paper, by generalizing the motivic method of Brown [2] to the cyclotomic
case, we will study the structure of grDr Z
(1)
r in each weight r for µ2, µ3 and µ4.
Theorem 1.1. (i) For N = 2, grDr Z
(1)
r is generated by the image of
ζ
r︷ ︸︸ ︷(
1, 1, · · · , 1, 1
1, 1, · · · , 1,−1
)
in grDr ZK as a Q-linear subspace.
(ii) For N = 3, 4, grDr Z
(1)
r is generated by the images of
ζ
r︷ ︸︸ ︷(
1, 1, · · · , 1, 1
1, 1, · · · , 1, ǫ
)
, ζ
r︷ ︸︸ ︷(
1, 1, · · · , 1, 1
1, 1, · · · , 1, ǫ−1
)
in grDr Zr as a Q-linear subspace.
The essential reason behind Theorem 1.1 is that most parts of the motivic Galois
action on the motivic version of grDr Z
(1)
K vanish. As a result, the motivic version of
grDr Z
(1)
K is just a linear subspace of dimension one or two. From the iterated integral
representation of cyclotomic multiple zeta values, it is easy to check that
ζ
r︷ ︸︸ ︷(
1, 1, · · · , 1, 1
1, 1, · · · , 1, ǫ
)
=
1
r!
[
ζ
(
1
ǫ
)]r
=
(−1)r
r!
[log (1− ǫ)]r .
Thus for
ζ
(
1, 1, · · · , 1
ǫ1, ǫ2, · · · , ǫr
)
, ǫi ∈ µN , N = 2, 3, 4,
we have
ζ
(
1, 1, · · · , 1
ǫ1, ǫ2, · · · , ǫr
)
= cǫ1,··· ,ǫr (log 2)
r + lower depth terms, ǫi ∈ {±1}
UNIT CYCLOTOMIC MULTIPLE ZETA VALUES FOR µ2, µ3 AND µ4 3
and for N = 3, 4,
ζ
(
1, 1, · · · , 1
ǫ1, ǫ2, · · · , ǫr
)
= aǫ1,··· ,ǫr [log (1− ǫ)]
r+bǫ1,··· ,ǫr
[
log (1− ǫ−1)
]r
+lower depth terms,
where aǫ1,··· ,ǫr , bǫ1,··· ,ǫr , cǫ1,··· ,ǫr ∈ Q. We will show that the numbers
aǫ1,··· ,ǫr , bǫ1,··· ,ǫr , cǫ1,··· ,ǫr
can be calculated effectively. An algorithm to calculate these numbers will be given
in Section 3.
2. Mixed Tate motives
In this section we will give a brief introduction to mixed Tate motives. For more
details, see [4], [5] and [6]. Since we only discuss cyclotomic multiple zeta values for
N = 2, 3 and 4, the number N in this section is 2, 3 or 4.
2.1. Mixed Tate motives over ON [
1
N
]. Denote by ON the algebraic integer ring
of the cyclotomic field Q[µN ]. Deligne and Goncharov [6] constructed the category
of mixed Tate motives over ON [
1
N
]. Denote it byMT N for short. MT N is a neutral
Tannakian catogory with the natural fiber functor
ω :MT N → VectQ;M 7→
⊕
ωr(M),
where
ωr(M) = HomMT N (Q(r), gr
ω
−2r(M)).
Let GMT 2 be the Tannakian fundamental group ofMT N under this fiber functor,
then we have
GMT N = Gm ⋉ U
MT N ,
where UMT N is a pro-unipotent algebraic group.
From Deligne and Goncharov’s construction [6] and Borel’s theorem on K-group
of number fields, we have
Ext1MT N (Q(0),Q(n))
∼= Q, if N = 2, 3, 4, n ≥ 1, odd,
Ext1MT N (Q(0),Q(n)) =


0, if N = 2, n ≤ 0 or n even,
Q, if N = 3, 4, n ≥ 2, even,
0, if N = 3, 4, n ≤ 0,
Ext2MT N (Q(0),Q(n)) = 0, ∀n ∈ Z.
Denote by gN the Lie algebra of U
MT N . From the above facts about extension
groups, we know that gN is a free Lie algebra. Its generators are σ2n+1, n ≥ 0 (weight
σ2n+1 = −2n− 1) for N = 2 and σn, n ≥ 1 for N = 3, 4.
From the natural correspondence between pro-nilpotent Lie algebra and pro-
unipotent group, we have that
O(UMTN ) ∼=
{
Q〈f1, f3, · · · , f2n+1 · · · 〉, N = 2,
Q〈f1, f2, · · · , fn, · · · 〉, N = 3, 4,
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as a graded Q-algebra, where the multiplication on the right side is actually the
shuffle product
∃
on the non-commutative word sequences in fn, n ≥ 1. It is given
by the following induction formulas:
1
∃
w = w
∃
1 = w,
uw1
∃
vw2 = u(w1
∃
vw2) + v(uw1
∃
w2),
where u, v ∈ {fn, n ≥ 1}. In fact, fn, n ≥ 1 are dual to σn, n ≥ 1 in the natural way.
2.2. Motivic cyclotomic multiple zeta values. From [6], the motivic funda-
mental groupoid of P1 − {0, µN ,∞} can be realized in the category MT
(
ON [
1
N
]
)
.
Denote by 0Π1 the motivic fundamental groupoid of P
1 − {0, µN ,∞} from
−→
1 0 to
−→
−11 (the tangential vector
−→
1 at point 0 and the tangential vector
−→
−1 at the point
1). Its ring of regular functions is isomorphic to
O(0Π1) ∼= (Q〈e
0, eµN 〉,
∃
)
under Tannakian correspondence, where Q〈e0, eµN 〉 is the non-commutative polyno-
mial linear space in the words e0, eǫ, ǫ ∈ µN with the shuffle product
∃
(its definition
is similar to the one in Section 2.1). As a result, (Q〈e0, eµN 〉,
∃
) is a commutative
Q-algebra. Under Tannakian correspondence, the ring of regular functions of UMT N
has a coaction on O(0Π1).
For arbitrary word sequence u1u2 · · ·uk in e
0, eµN , if δ, η → 0, by direct calculation
it is easy to check that (see the Appendix A in [9])∫
· · ·
∫
δ<t1<···<tk<1−η
ωu1(t1) · · ·ωuk(tk) = P (log(δ), log(η))+O
(
sup(δ|log(δ)|A + η|log(η)|B)
)
,
where ωe0(t) =
dt
t
, ωeǫ(t) =
dt
ǫ−t
for ǫ ∈ µN and P is a C-coefficients polynomial of
two variables.
Define dch : O(0Π1) = Q〈e
0, eµN 〉 → C by
dch(u1u2 · · ·uk) = P (0, 0).
One can check that the images of O(0Π1) are Q-linear combinations of cyclotomic
multiple zeta values (see also the Appendix A in [9]). By the shuffle product of the
iterated integrals, dch is a ring homomorphism
dch : O(0Π1) = Q〈e
0, eµN 〉 → C.
So it also corresponds to a point dch ∈ 0Π1(C). This point dch essentially comes from
the comparison isomorphism between Betti fundamental groupoid of P1−{0, µN ,∞}
and de-Rham fundamental groupoid of P1 − {0, µN ,∞}.
Denote by I ⊆ O(0Π1) the kernel of dch. Define J
MT ⊆ I the largest graded sub-
ideal of I which is stable under the coaction of O(UMT N ). The motivic cyclotomic
multiple zeta algebra for µN is O(0Π1)/J
MT N .
Denote by Im the natural quotient map
Im : O(0Π1) = Q〈e
0, eµN 〉 → H
and per the map per : H → C satisfying per ◦ Im = dch.
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The motivic multiple zeta value ζm
(
n1,n2,··· ,nr
ǫ1, ǫ2, ··· , ǫr
)
is defined by
ζm
(
n1, n2, · · · , nr
ǫ1, ǫ2, · · · , ǫr
)
= Im
(
e(ǫ1···ǫr)
−1
(e0)n1−1e(ǫ2···ǫr)
−1
(e0)n2−1 · · · eǫ
−1
r (e0)nr−1
)
.
By direct calculation of the iterated integral, we have
per :
(
ζm
(
n1, n2, · · · , nr
ǫ1, ǫ2, · · · , ǫr
))
= ζ
(
n1, n2, · · · , nr
ǫ1, ǫ2, · · · , ǫr
)
for (nr, ǫr) 6= (1, 1).
We will need the following lemma to study the unit cyclotomic multiple zeta
values:
Lemma 2.1. The images of the elements eǫ1eǫ2 · · · eǫr , ǫi ∈ µN in O(0Π1) under the
map dch are elements of Z
(1)
r .
Proof: For word sequence eǫ1eǫ2 · · · eǫr , if ǫr 6= 1, then the integral∫
· · ·
∫
δ<t1<···<tr<1−η
ωeǫ1 (t1) · · ·ωeǫr (tr)
converges when δ, η → 0. So if ǫr 6= 1, then
dch(eǫ1eǫ2 · · · eǫr)
=
∫
· · ·
∫
0<t1<···<tr<1
ωeǫ1 (t1) · · ·ωeǫr (tr)
=
∫
· · ·
∫
0<t1<···<tr<1
(∑
n1≥0
tn11 ǫ
−n1−1
1
)
dt1 · · ·
(∑
nr≥0
tnrr ǫ
−nr−1
r
)
dtr
=
∑
0<n1<n2<···<nr−1<nr
( ǫ2
ǫ1
)n1( ǫ3
ǫ2
)n2 · · · ( ǫr
ǫr−1
)nr−1( 1
ǫr
)nr
n1n2 · · ·nr−1nr
= ζ
(
n1, n2, · · · , nr−1, nr
ǫ2
ǫ1
, ǫ3
ǫ2
, · · · , ǫr
ǫr−1
, 1
ǫr
)
.
By definition we have dch(e1) = 0. From the shuffle product on iterated integrals,
we have
dch(eǫ1eǫ2 · · · eǫr) · dch(e1)
= dch(eǫ1eǫ2 · · · eǫr
∃
e1)
= dch(e1eǫ1eǫ2 · · · eǫr + eǫ1e1eǫ2 · · · eǫr + · · ·+ eǫ1eǫ2 · · · e1eǫr + eǫ1eǫ2 · · · eǫre1)
= 0.
So
dch(eǫ1eǫ2 · · · eǫre1)
= −dch(e1eǫ1eǫ2 · · · eǫr)− dch(eǫ1e1eǫ2 · · · eǫr)− · · · − dch(eǫ1eǫ2 · · · e1eǫr).
As a result,
dch(eǫ1eǫ2 · · · eǫr) ∈ Z(1)r , ∀ǫi ∈ µN , 1 ≤ i ≤ r
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by induction. 
Denote by H(1) the images of Q〈eµN 〉 (viewed as a Q-subalgebra of O(0Π1)) under
the quotient map Im : O(0Π1) = Q〈e
0, eµN 〉 → H and also denote by H
(1)
r its weight
r part. By Lemma 2.1 we have
per(H(1)) = Z(1).
In O(0Π1) = Q〈e
0, eµN 〉, for any word u1 · · ·uk, ui ∈ {e
0, eµN}, k is called its
weight and the total number of occurrences of eǫ, ǫ ∈ µN is called its depth. Denote
by DrQ〈e
0, eµN 〉 the subspace which consists of elements of depth ≤ r.
From Section 6, [6] it follows that the depth filtration on O(0Π1) is motivic. So
it induces a natural depth filtration on H. By direct calculation one can show that
per(DrH) = DrZ, ∀r ≥ 0.
Denote by grDr H = DrH/Dr−1H, and define gr
D
r H
(1)
r the natural images of weight
r unit cyclotomic motivic multiple zeta values H
(1)
r in grDr H. In this paper we will
focus on the structure of grDr H
(1)
r for all r ≥ 1.
2.3. Motivic Galois action. In this subsection we will explain the depth-graded
version motivic Galois action on the motivic cyclotomic multiple zeta values.
For x, y ∈ {0, µN}, denote by xΠy the motivic fundamental groupoid from the
tangential point at x to the tangential point at y.
Under Tannakian correspondence, O(xΠy) ∼= (Q〈e
0, eµN 〉,
∃
) for x, y ∈ {0, µN}.
There is a natural µN -action on these groupoids: for ǫ ∈ µN , we have a morphism
of schemes
ǫ : xΠy → ǫxΠǫy
which is defined by
ǫ∗ : O(ǫxΠǫy)→ O(xΠy); e
α 7→ eǫ
−1α, ∀α ∈ {0, µN}
on the homomorphism between rings of regular functions.
Let VN be a subgroup of automorphisms of the motivic fundamental groupoids
(all basepoints are tangential points at {0, µN}) of P
1 − {0, µN ,∞} satisfying the
following properties:
(i) Elements of VN are compatible with the composition law on the motivic funda-
mental groupoids of P1 − {0, µN ,∞};
(ii) Elements of VN fix exp(ei) ∈ iΠi for i ∈ {0, µN};
(iii) Elements of VN are equivariant with the µN -action on the motivic fundamental
groupoids.
By proposition 5.11 in [6], the following map
ξ : VN → 0Π1, a 7→ a(011)
is an isomorphism of schemes and
Lie VN = (L(e0, eµN ), { , }).
Here L(e0, eµN ) is the free Lie algebra generated by the symbols e0, eǫ, ǫ ∈ µN and
{ , } denotes the Ihara Lie bracket on L(e0, eµN ).
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The action of UMT N on xΠy, x, y ∈ {0, µN} factors through VN . As a result, there
is a Lie algebra homomorphism:
i : gN → Lie VN = (L(e0, eµN ), { , }) .
The map i is injective by the main results of Deligne [5] for N = 2, 3, 4.
For any element w in L(e0, µN), let depth(w) be the smallest number of total oc-
currences of eǫ, ǫ ∈ µN in w, it induces a depth decreasing filtration D on L(e0, eµN ):
DrL(e0, eµN ) = {w ∈ L(e0, eµN ); depth(w) ≥ r}.
We write E
(n)
ǫ = ad(e0)
neǫ for short, ∀ǫ ∈ µN . According to Section 3.11 in [5],
for N = 2, the map i satisfies:
i(σ1) = e−1, (1)
i(σ2n+1) = (1− 2
2n)E
(2n)
−1 + 2
2nE
(2n)
1 +HDT, ∀n ≥ 1. (2)
For N = 3, the map i satisfies:
i(σ1) = eǫ + eǫ−1 , (3)
i(σ2n) = E
(2n−1)
ǫ − E
(2n−1)
ǫ−1
+HDT, ∀n ≥ 1, (4)
i(σ2n+1) = (1− 3
2n)
[
E(2n)ǫ + E
(2n)
ǫ−1
]
+ 2 · 32nE
(2n)
1 +HDT, ∀n ≥ 1. (5)
For N = 4, the map i satisfies:
σ1 = eǫ + eǫ−1 + 2e−1, (6)
σ2n = E
(2n−1)
ǫ − E
(2n−1)
ǫ−1
+ HDT, (7)
σ2n+1 = (1− 2
2n)
[
E(2n)ǫ + E
(2n)
ǫ−1
]
+ 2 · 22n
(
1− 22n
)
E
(2n)
−1 +2 · 2
4nE
(2n)
1 +HDT. (8)
In the above formulas, HDT means the higher depth terms.
The motivic Lie algebra gN has an induced depth filtrationD
rgN from the injective
map i. Since Ihara bracket is compatible with the depth filtration, we know that
the depth-graded space
dgN =
⊕
r≥1
DrgN/D
r+1gN
is a Lie algebra with induced Ihara Bracket. By [5], dgN is a free Lie algebra
for N = 2, 3, 4 with generators i(σ2n−1), n ≥ 1 for N = 2 and with generators
i(σn), n ≥ 1 for N = 3, 4, where the symbol i(σn) means the depth one parts of
i(σn).
The action of Lie V on O(0Π1) is compatible with the depth filtration. Since
the expression of i(σ2n+1) in (L(e0, e1, e−1), { , }) has canonical depth one parts, for
n ≥ 0, σ2n+1 in g2 = Lie U
MT 2 induces a well-defined derivation
∂2n+1 : gr
D
r H → gr
D
r−1H.
For N = 3, 4, n ≥ 1, σn in gN = Lie U
MT N also induces a derivation similarly
∂n : gr
D
r H → gr
D
r−1H.
The explicit calculation of these derivations is very complicated. We now give the
key idea to calculate these derivations explicitly, which is essentially the generaliza-
tion of Brown’s observation in [2].
8 JIANGTAO LI
Since O(0Π1) is an ind-object in the categoryMT N , under Tannakian correspon-
dence there is an action of the motivic Lie algebra
gN ×O(0Π1)→ O(0Π1).
Denote by hN = Lie VN = (L(e0, eµN ), { , }). The action of gN on O(0Π1) factors
through the action of hN on O(0Π1).
Denote by UhN the universal enveloping algebra of hN , then
UhN ∼= (Q〈e0, eµN 〉, ◦) ,
where ◦ denotes the new product onQ〈e0, eµN 〉 which is transformed from the natural
concatenation product on UhN .
By the same reason as Proposition 2.2 in [2], for any a ∈ h, any word sequence w
in e0, eǫ, ǫ ∈ µN and any n ≥ 0, we have
a ◦ (en0eǫw) = e
n
0 [([ǫ](a)) eǫ + eǫ ([ǫ](a))
∗]w + en0eǫ (a ◦ w) , ǫ ∈ µN ,
where
a ◦ en0 = e
n
0a, ǫ ∈ µN ,
(u1u2 · · ·un)
∗ = (−1)nun · · ·u2u1, ui ∈ {e0, eǫ; ǫ ∈ µN},
[ǫ] (en10 eǫ1e
n2
0 eǫ2 · · · e
nr
0 eǫre
nr+1
0 ) = e
n1
0 eǫǫ1e
n2
0 eǫǫ2 · · · e
nr
0 eǫǫre
nr+1
0 , ǫ, ǫi ∈ µN .
From the correspondence between unipotent algebraic group and nilpotent Lie
algebra (for example, see Section 3 in [10]), we know that for a ∈ hN , the natural
action of a on O(0Π1):
O(0Π1) = Q〈e
0, eµN 〉
a
−→ O(0Π1) = Q〈e
0, eµN 〉,
x 7→ a(x),
is dual to the following action of a on Uh:
UhN = Q〈e0, eµN 〉
a
−→ UhN = Q〈e0, eµN 〉,
y 7→ a ◦ y.
By the definition of H and ∂2n+1, we have the following commutative diagram
grDr Q〈e
0, eµN 〉


∂n
// grDr−1Q〈e
0, eµN 〉


grDr H
∂n
// grDr−1H,
where ∂n is the depth-graded version of the action of i(σn) on Q〈e
0, eµN 〉.
Let δ
(
x
y
)
be the function of x, y ∈ C which satisfies
δ
(
x
y
)
=
{
1, x = y;
0, x 6= y.
Denote by gabN = gN/[gN , gN ] and
(
gabN
)∨
be its compact dual. For N = 2, let
f2n+1, n ≥ 0,∈
(
gabN
)∨
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be the dual basis of the images of σ2n+1, n ≥ 0 in g
ab
N . For N = 3, 4, let
fn, n ≥ 1,∈
(
gabN
)∨
be the dual basis of the images of σn, n ≥ 1 in g
ab
N .
For N = 2, there is a well-defined map
∂ : grDr H →
(
gab2
)∨
⊗ grDr−1H, ∂ =
∑
n≥0
f2n+1 ⊗ ∂2n+1.
For N = 3, 4, there is a well-defined map
∂ : grDr H →
(
gabN
)∨
⊗ grDr−1H, ∂ =
∑
n≥1
fn ⊗ ∂n.
Now we have
Proposition 2.2. For r ≥ 2, the map ∂ is injective for N = 2, 3, 4.
Proof: By exactly the same method in Section 2.3, [3], it follows that
H ∼= O
(
UMT N
)
[t]
as a gN -module, where t is a weight
{
2, N = 2
1, N = 3, 4
, depth 1 element with trivial
action of gN . Furthermore, t
n, n ≥ 1 are all depth 1 elements.
As a result,
grDr H
∼= grDr O
(
UMT N
)
⊕
⊕
n≥1
grDr−1O
(
UMT N
)
tn.
Be ware that grDr O(U
MT N ) is dual to grrDUgN and the decreasing depth filtration
on UgN is induced by the depth filtration on gN .
Thus it suffices to prove that ∂|
grDr O(UMTN ) is injective. Since the depth-graded
motivic Lie algebra dg is a free Lie algebra with generators which are all in the depth
one parts [6]. By the correspondence between nilpotent Lie algebra and unipotent
algebraic group, ∂|
grDr O(UMTN ) is injective. 
3. Main results
Now we are ready to prove our main results:
Theorem 3.1. (i) For N = 2, r ≥ 1, dimQ gr
D
r H
(1)
r = 1 and grDr H
(1)
r is generated
by
ζm
( r︷ ︸︸ ︷
1, 1, · · · , 1, 1
1, 1, · · · , 1,−1
)
as a Q-linear space;
(ii) For N = 3, 4, r ≥ 1, dimQ gr
D
r H
(1)
r = 2 and grDr H
(1)
r is generated by
ζm
( r︷ ︸︸ ︷
1, 1, · · · , 1, 1
1, 1, · · · , 1, ǫ
)
, ζ
( r︷ ︸︸ ︷
1, 1, · · · , 1, 1
1, 1, · · · , 1, ǫ−1
)
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as a Q-linear space.
Proof: For r = 1, it is clear that (i) and (ii) are true by definition. Since the map ∂
is injective, from Proposition 2.2 and Lemma 3.2 below, it follows that ∂1 is injective
for µ2, µ3 and µ4. Thus we have
dimQgr
D
r H
(1)
r = dimQ ∂1 ◦ ∂1 ◦ · · · ◦ ∂1︸ ︷︷ ︸
r−1
(
grDr H
(1)
)
.
From the explicit formulas of ∂1 in Lemma 3.2, we have for N = 2,
∂1 ◦ ∂1 ◦ · · · ◦ ∂1︸ ︷︷ ︸
r−1

ζm(
r︷ ︸︸ ︷
1, 1, · · · , 1, 1
1, 1, · · · , 1,−1
) = ζm( 1
−1
)
and for N=3,4,
∂1 ◦ ∂1 ◦ · · · ◦ ∂1︸ ︷︷ ︸
r−1

ζm(
r︷ ︸︸ ︷
1, 1, · · · , 1, 1
1, 1, · · · , 1, ǫ±1
) = ζm( 1
ǫ±1
)
.
Thus the theorem is proved. 
From Theorem 3.1, by the period map per : H → C we get Theorem 1.1 immedi-
ately.
Lemma 3.2. (i) For N = 2, n ≥ 1, ∂2n+1
(
grD1 H
(1)
)
= 0. For ei1 , · · · , eis ∈ {±1},
we have
∂1
(
ei1ei2 · · · eis
)
= δ
(
i1i2
−1
)(
e−i1 − ei1
)
ei3 · · · eis + · · ·+ δ
(
is−1is
−1
)
ei1 · · · eis−2
(
e−is−1 − eis−1
)
+ δ
(
is
−1
)
ei1ei2 · · · eis−1 .
(ii) For N = 3, n ≥ 2, ∂n
(
grD1 H
(1)
)
= 0. For ei1 , · · · , eis ∈ µ3, we have
∂1
(
ei1ei2 · · · eis
)
=
[
δ
(
i1
i2ǫ
)
+ δ
(
i1
i2ǫ−1
)]
ei2 · · · eis + · · ·+
[
δ
(
is−1
isǫ
)
+ δ
(
is−1
isǫ−1
)]
ei1 · · · eis−2eis
+
[
δ
(
is
ǫ
)
+ δ
(
is
ǫ−1
)]
ei1 · · · eis−1 −
[
δ
(
i1
i2ǫ
)
ei2ǫ + δ
(
i1
i2ǫ−1
)
ei2ǫ
−1
]
ei3 · · · eis
− · · · − ei1 · · · eis−2
[
δ
(
is−1
isǫ
)
eisǫ + δ
(
is−1
isǫ−1
)
eisǫ
−1
]
.
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(iii) For N = 4, n ≥ 2, ∂n
(
grD1 H
(1)
)
= 0. For ei1 , · · · , eis ∈ µ4, we have
∂1
(
ei1ei2 · · · eis
)
= 2δ
(
i1i2
−1
)(
e−i1 − ei1
)
ei3 · · · eis + · · ·+ 2δ
(
is−1is
−1
)
ei1 · · · eis−2
(
e−is−1 − eis−1
)
+
[
δ
(
is
ǫ
)
+ 2δ
(
is
−1
)
+ δ
(
is
ǫ−1
)]
ei1 · · · eis−1 −
[
δ
(
i1
i2ǫ
)
ei2ǫ + δ
(
i1
i2ǫ−1
)
ei2ǫ
−1
]
ei3 · · · eis
− · · · − ei1 · · · eis−2
[
δ
(
is−1
isǫ
)
eisǫ + δ
(
is−1
isǫ−1
)
eisǫ
−1
]
.
Proof: (i) From the commutative diagram in Section 2.3, to prove that
∂2n+1
(
grD1 H
(1)
)
= 0, ∀n ≥ 1
it suffices to prove that
∂2n+1 (Q〈e
µN 〉) = 0.
HereQ〈eµn〉 is the sub-algebra ofQ〈e0, eµN 〉 generated by eǫ1eǫ2 · · · eǫr , ǫi ∈ µN , r ≥ 1.
By considering the action of σ2n+1 on Uh = Q〈e0, eµN 〉, from Section 2.3, it is enough
to show that the terms
eξ1eξ2 · · · eξr+1 , ξ1, · · · , ξr+1 ∈ µN
have trivial coefficients in
σ2n+1 ◦ eǫ1eǫ2 · · · eǫr , ∀ǫ1, · · · , ǫr ∈ µN
for all r ≥ 0. This follows from the definition of ◦ and σ2n+1. While the formula for
∂1 follows from that
e−1 ◦ (ei1ei2 · · · eir)
= (e−i1ei1 − ei1e−i1) ei2 · · · eir + ei1 (e−i2ei2 − ei2e−i2) ei3 · · · eir + · · ·
+ ei1 · · · eir−1 (e−ireir − eire−ir) + ei1 · · · eire−1.
The proofs of (ii) and (iii) are essentially the same as (i). 
Since
ζ
(
1, 1, · · · , 1, 1
1, 1, · · · , 1, ǫ
)
= dch(
r︷ ︸︸ ︷
eǫ
−1
eǫ
−1
· · · eǫ
−1
) =
1
r!
dch(
r︷ ︸︸ ︷
eǫ
−1 ∃
eǫ
−1 ∃
· · ·
∃
eǫ
−1
) =
1
r!
(
ζ
(
1
ǫ
))r
,
we have
ζ
( r︷ ︸︸ ︷
1, 1, · · · , 1, 1
1, 1, · · · , 1, ǫ
)
=
(−1)r
r!
[log (1− ǫ)]r .
From Lemma 3.2, for any
ζ
(
1, · · · , 1
ǫ1, · · · , ǫr
)
one can use the formulas for ∂1 inductively to calculate the numbers
aǫ1,··· ,ǫr , bǫ1,··· ,ǫr , cǫ1,··· ,ǫr
in the introduction.
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Remark 3.3. In this paper we only study the depth-graded version of unit cylotomic
multiple zeta values. In fact the structure of H(1) is related to the structure of motives
of the motivic fundamental groupoid of P1−{µN ,∞} from point 0 to the tangential
point at 1. It is still not clear at present.
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